L1
Limit of a function

Limit of a function is a fundamental concept in analyses.

D f: R=>R  wesay the limit of fas x approaches a is A and
write

lim, f(x) = A

if and only if for every )0 there exist a 5§)0 such that

fx)-A| < (A-2 (fx) ( A+¢),

whenever

ﬂ{|x—a]{5 (a-s (x (a+ts, x=0)
Note that f(a) need not be defined.

T limf(x)=A < V¥ xsequences (xx N —> R) with limx=A

(Xge Dr,xp = a) lim f(x,) =A

Examples
L. £ER—R 1ifx#0

f(x) =
0 if x=0



—(@5)

i

lim  f(x)=1

2. f(x)= x>

lim, f(}(}=4

D f R —> R Itissaid that limit of f'is positive infinity as x

approaches a (lim , f(x) =+ =) if and only if for

every K) 0 thereisa 5)0 sothatforall x e D¢

and 0 ([x-af(s fix) ) K
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D f R—R lim ,f(x) = - o

ifand only if for v K( 0 thereisa 5)0 so

that for vxe Df and 0{]2{—3‘{5

fix) (K
I £R R lim f(x) = - o & VX sequences
(x: N —> R) with limx=a
(xpe Dy, X, # @) lim fi(x,)= -
Example
f: R—>R fx)=- 1/x*
Aol

D%

Limg f[:K]' =- o



D f R—R

Example

I. £ R-=>R

LS
limgso f(x) = A if and only if

v x sequences (x: N—=>R) with limx=A

(Xne Df, Xp # a,X, }2 ) im f(x,) =A

f+l 0 (x
f(x) = 0 x=0
-1 x{0
j  ——
= o -

lim g fix) =1

lim g f(x) = -1
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D f R—JR limo fix)=A if and only if

v x sequences (x: N—2R) with limx=a

(Xne D, %n # 3, X, (@ ) lim f(x,;) =A
Example
f: R =R f(x) = 1/x
(591
limgo f(x) = -cc limog f(x) = +20
%/] limp f(x)  because limg.p f(x) =limgyp f(x)
D f R—=2R

limoof= Fw ifandonlyif v xsequences (x: N —> R) with

limx=a (%pe D¢, Xn # 2, Xa( ) limf{xﬂ)=’_'_'m



D fR—=R

lim .o f= To ifandonlyif v xsequences (x: N ~>R) with

limx=a (Xae Dr, Xa # 2, Xp32) lim f(x,) = fw
T f R—2R
lim,f=A,+,-x e lim g f= limgyf=A, + - «
Operations and limits
T f R—R

g R—=2R
lim a. a+ilal f= ;zd'i., lim a, a+0.a-0 g=B
then lim g ge000 (cf)=cA  ceR,

lim 5 w000 (£+g)=A+B,
lim 4 41020 (f-g)=A-B,
lim ; a000 (Fg2)=AB,

lim a s0a0 (E/g)=A/B B A0
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LS
Limit at + or - =«

D f R—R

lim, - f= A ifandonlyif Vv xsequences (x: N —=R) with

lim x = +,-w (%a2 Dr) Iim f(x,)= A
D f R—R
Hm 4 - f=+,- ifand only if ¥ xsequences (x: N —= R) with
lim x = +,-o0 (xne Dr) lim f(x,) = +.,- =
Examples
1. fR—=R f(x) = x}
,( Gp N

— X

“mq.g; f:'i'tﬂ- ]lm—m f.‘:-g:.
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2. f R—R f(x)=1/x

The theorem for lim (cf), lim (f+g), lim (f-g), lim fg, lim /g 1s valid in case of
limits at + 08 - «.

Continuity is lack of interruption. Descartes definition: a function is continuous
if its graph can be drawn without lifting the pencil from the paper.

T f R-3R iscontinuous at a point ae Dy if and only if

fi@) = lim , f(x)



